The Nambu-Goto string in a 3-dimensional (3D) Minkowski spacetime is quantized preserving Lorentz invariance and parity. The spectrum of massive states contains anyons. An ambiguity in the ground state energy is resolved by the 3D N = 1 Green-Schwarz superstring, which has massless ground states describing a dilaton and dilatino, and first-excited states of spin 1/4. 05.30.Pr, 11.30.Pb A standard claim of string theory texts is that a free string cannot be consistently quantized below its critical dimension, preserving Lorentz invariance, without the introduction of an additional "Liouville" variable that is absent classically. Here we show that strings in a three-dimensional (3D) spacetime are an exception to this rule. Specifically, we show that both the 3D NambuGoto string and the N = 1 3D Green-Schwarz (GS) superstring [1] may be quantized, preserving both Lorentz invariance and parity, without the introduction of any additional variables. It turns out that the spectrum of these strings includes anyons, i.e. particles of spin s such that 2s is not an integer [2, 3] . Specifically, we find anyons in the bosonic string spectrum at level 2 or 3, depending on the choice of ground state energy. The superstring is massless in its ground state, has spin 1/4 at level 1 and other "semions" (particles of spin 1/4 + n/2 for integer n) at level 2.
A standard claim of string theory texts is that a free string cannot be consistently quantized below its critical dimension, preserving Lorentz invariance, without the introduction of an additional "Liouville" variable that is absent classically. Here we show that strings in a three-dimensional (3D) spacetime are an exception to this rule. Specifically, we show that both the 3D NambuGoto string and the N = 1 3D Green-Schwarz (GS) superstring [1] may be quantized, preserving both Lorentz invariance and parity, without the introduction of any additional variables. It turns out that the spectrum of these strings includes anyons, i.e. particles of spin s such that 2s is not an integer [2, 3] . Specifically, we find anyons in the bosonic string spectrum at level 2 or 3, depending on the choice of ground state energy. The superstring is massless in its ground state, has spin 1/4 at level 1 and other "semions" (particles of spin 1/4 + n/2 for integer n) at level 2.
One may ask why the existence of these new 3D quantum strings has not previously been noticed (we do not say "string theories" because we do not address here issues of modular invariance or interactions). Part of the answer to this question is surely that a manifestly covariant description of anyons requires fields in representations of some multiple cover of Sl(2; R). The universal cover is required for irrational spin (and potentially for an infinite number of rational spins) implying infinitecomponent fields [4, 5] . However, such fields do not arise in any of the standard approaches to covariant quantization. Although this limitation may be circumvented in the future, at present it is only in the light-cone gauge that one can easily see all possibilities for a consistent quantum theory, and that is the method used here.
We begin with the Hamiltonian form of the NambuGoto action for a closed relativistic 3D string of tension T in terms of the canonical 3-vector variables (X, P), which are functions of the worldsheet time τ and the string coordinate σ ∼ σ + 2π:
(1) The overdot and prime indicate derivatives with respect to τ and σ, respectively, and ℓ and u are Lagrange multipliers for the Hamiltonian and stringreparametrization constraints, respectively. This action involves the Minkowski spacetime metric (with 'mostly plus' signature) via the scalars P 2 and (X ′ ) 2 . The standard Nambu-Goto action is recovered by elimination of the 3-momentum P followed by elimination of ℓ and then u. In addition to the gauge invariances associated to the constraints, the action is invariant under the Poincaré transformations generated by the Noether charges
where [U ∧ V] µ = ε µνρ U ν V ρ for any two 3-vectors U and V, and the invariant antisymmetric tensor ε tensor is defined such that ε 012 = 1. We now introduce light-cone coordinates
and set X 2 = X and P 2 = P . It is convenient to define
The light-cone gauge is defined by the choice
where p − (τ ) is a non-zero function of τ only. This choice leaves only the residual global gauge invariance that shifts the origin of the angular string coordinate σ. In this gauge, the Hamiltonian constraint imposed by ℓ may be solved for P + :
One also finds thatX − is a Lagrange multiplier imposing the constraint u ′ = 0, which has the solution u = u 0 (τ ). The final result is the Lagrangian
where the Hamiltonian is
As expected, there is a residual global constraint imposed by u 0 . In the light-cone gauge, the Poincaré Noether charges of (29) are
The two Poincaré invariants are
We now Fourier expand the canonical pair (X,P ) by writingP
The Lagrangian (8) becomes
where
Observe that the other Poincaré invariant Λ of (11) depends onX − as well as the canonical variables of the final action, but the equation of motion of u in the original action reduces in the light-cone gauge to
which allows us to expressX − in terms the Fourier coefficients of (X,P ). We pass over the details, which are similar to those for the critical string [6] ; the final result is
where λ depends only on the α n andλ is the same expression but in terms of theα n . Explicitly,
and similarly forλ.
To quantize we promote the canonical variables to operators satisfying canonical commutation relations. The non-zero commutators are
The constraint imposed by u 0 becomes the levelmatching condition in the quantum theory:
Taking this into account, the mass-squared operator is
where a is an arbitrary constant arising from operator ordering ambiguities. Similarly, the operator Λ is as in (16) but now with α * n → α † n and hence β * n → β † n , and similarly forλ.
The quantum Lorentz generators are
In principle, there are operator ordering ambiguities in these expression but they are fixed by the requirements of hermiticity and closure of the Lorentz algebra. It is straightforward to verify that the charges as given satisfy the required commutation relations:
This should not be a surprise because the "dangerous" commutators vanish 'by default' in three dimensions. Because the Poincaré invariant operators M 2 and Λ commute, they may be simultaneously diagonalized. It follows that the space spanned by the level-N states is an invariant subspace of Λ. At levels N = 0, 1 there is a single state that is annihilated by Λ, so non-zero eigenvalues of Λ can occur only for N ≥ 2. The eigenvalues of Λ at each level divided by the mass of the level are the "relativistic helicities" at that level. The four states at level 2 have helicities 0, 0, ± Observe that non-zero helicities appear in parity doublets of opposite helicity, so parity is preserved by the quantization. For any a ≤ 4 there is an anyon in either level 2 or level 3. It would be natural to choose a = 0, so that the level-0 state is massless; in this case we have a massive scalar at level 1, spin 3/2 at level 2 and irrational spin anyons at level 3. Another natural choice is a = 2 because this makes the level-0 state a tachyon and the level-1 state a massless scalar, which might be interpretable as a dilaton, as for the critical bosonic string; in this case there is a massive state with irrational spin at level 2. We expect that irrational spins are generic in higher levels. The freedom in the choice of ground state energy might be considered a defect of the bosonic model. In any case, this freedom is absent from the 3D N = 1 GS superstring, to which we now turn. The action may be constructed by first making the replacement
where Γ µ are real 3D Dirac matrices and Θ is a real anticommuting 2-component spinor field, with Majorana conjugateΘ = Θ T Γ 0 . Then we add to the action a Wess-Zumino term for the supertranslation algebra associated to the closed super-Poincaré invariant superspace 3-form Π µ dΘΓ µ dΘ. This gives rise to the following "quasi-Hamiltonian" form of the action
where Π τ and Π σ are the dτ and dσ components of the worldsheet 1-form induced by Π. The term linear in T is the WZ term, and we have chosen its coefficient to ensure invariance of the action under the following fermionic gauge invariance ("κ-symmetry") with anticommuting Majorana spinor parameter κ:
Observe that Γ µ (P µ − T Π µ σ ) has zero determinant on the surface defined by the constraints. This means that only one of the two independent components of κ has any effect, so that only one real component of Θ can be 'gauged away'. The Poincaré Noether charges are now
The supersymmetry Noether charges are (α = 1, 2)
The κ-symmetry variation of all these charges vanishes on the constraint surface.
To go to the light cone gauge we proceed as before but now we also fix the κ-symmetry by imposing the usual condition [1] 
For the representation Γ µ = (iσ 2 , σ 1 , σ 3 ) of the 3D Dirac matrices, this condition implies that
for some anticommuting worldsheet function θ(τ, σ). As for the bosonic variables, it is convenient to definē
There should be no confusion with the notation for a conjugate spinor as θ is not a 2-component spinor. Proceeding as before, but now with the additional Fourier expansionθ
we end up with the Lagrangian
The supersymmetry charges in the light-cone gauge are
The Lorentz Noether charges in the light-cone gauge are as in (10) but with a different expression for Λ. We will not give this expression here because the super-Poincaré invariant is not Λ ≡ P · J but rather
To compute Ω we need the analog of (15), which is
We again pass over the details; the final result is
where λ andλ are as before, and 
The level matching constraint is now N = N + ν , ν =
